We quantize the space of 1/2 BPS configurations of Type IIB SUGRA found by Lin, Lunin and Maldacena (hep-th/0409174), directly in supergravity. We use the Crnković-Witten-Zuckerman covariant quantization method to write down the expression for the symplectic structure on this entire space of solutions. We find the symplectic form explicitly around AdS 5 × S 5 and obtain a U(1) Kac-Moody algebra, in precise agreement with the quantization of a system of N free fermions in a harmonic oscillator potential, as expected from AdS/CFT. As a cross check, we also perform the quantization around AdS 5 × S 5 by another method, using the known spectrum of physical perturbations around this background and find precise agreement with our previous calculation.
Introduction
Ever since the advent of AdS/CFT [1] , particular attention has been paid to the 1/2 BPS sector which, on account of the high degree of supersymmetry, is relatively simple and can often serve as a bridge connecting the gauge theory and supergravity regimes. In fact, it has been argued that this sector can be consistently decoupled [2] , resulting in a system that admits a description in terms of free fermions moving in a harmonic oscillator potential. This has been well understood from the gauge theory point of view, where the Lagrangian of the decoupled theory is seen to be that of a complex matrix of oscillators whose eigenvalues acquire Fermi-Dirac statistics from the integration measure.
As a result of this, one expects a similar fermionic description of the 1/2 BPS sector from the gravity point of view. How such a description might arise has been made clear in a recent paper by Lin, Lunin and Maldacena [3] , who obtained all classical 1/2 BPS solutions and demonstrated that they are naturally parametrized by planar droplets of various shapes. LLM conjectured that these droplets should be identified with phase space droplets describing semiclassical many-fermion states. In addition, [3] showed that the quantization of flux matches with the quantization of phase space area that one would expect from the fermion point of view.
We would like to take this analysis further. Is it possible to derive the full quantum structure of the fermion system directly from the LLM solutions? Such a result would be very much in line with the general spirit of AdS/CFT. 1 The space of 1/2 BPS solutions is simple enough that it seems plausible to address this question by a direct quantization, at least in the limit of large N where an analysis within supergravity can be trusted. The usual problems associated with canonical quantization in gravity are avoided in this case because we are quantizing a space of solutions, all of which automatically satisfy the Hamiltonian constraint that is often so troubling 2 .
As a step in this direction, we first consider the sector of small 1/2 BPS fluctuations about the AdS 5 ×S 5 background and construct the corresponding Hilbert space at large N. Performing the quantization in this case is simple since the spectrum of fluctuations is known [10] and an effective action for this sector has previously been written down [11] . Such analysis, however, is not sufficiently general to deal with fluctuations of more complicated backgrounds.
Fortunately, there exists a more general approach to quantization which does not require explicit knowledge of the spectrum. This approach takes as its starting point the symplectic form of Type IIB SUGRA, which encodes the commutation relations that must be imposed on the system. The restriction of this symplectic form to the LLM family of solutions can be computed explicitly and defines a symplectic structure that enables us to perform our quantization and study the Hilbert space about any background.
The symplectic form of supergravity can be most directly obtained by putting this theory in the canonical form, analogous to the ADM construction for pure gravity [12] . This formalism is in essence non-covariant, since it requires a particular space+time splitting of the metric, defining canonical momenta etc. In practice, it is more convenient to use an equivalent covariant method of computing the symplectic form, which was first proposed by Crnković and Witten [13] and by Zuckerman [14] . In this method one computes the symplectic form as an integral of a symplectic current, which can be derived directly from the action of the theory. In [13] , explicit expressions for the symplectic currents for the Yang-Mills theory and for pure general relativity were given. It is simple to generalize these results to Type IIB supegravity. This permits us, in principle, to quantize fluctuations not only about AdS 5 × S 5 , but also about more complicated backgrounds. After demonstrating that this procedure gives results consistent with those of the direct approach in the case of the AdS 5 × S 5 background, we then set up a general formalism to do precisely this.
Finally, one might worry about the validity of this method of quantization, which corresponds to a minisuperspace 3 approximation of type IIB supergravity where all degrees of freedom transverse to the space of 1/2 BPS configurations are artificially frozen out. However, in the case at hand we expect that our analysis indeed produces the correct Hilbert space and spectrum. That we can neglect α ′ corrections follows because the spectrum is protected by supersymmetry and hence cannot depend on any continuous parameter 4 . That we can take the minisuperspace approximation within supergravity is justified because all modes transverse to the space of 1/2 BPS configurations decouple in the limit of large N.
The outline of this paper is as follows. In section 2, we review the 1/2 BPS solutions of [3] and their parametrization by planar droplets. We also review the quantization of the relevant fermion system. In section 3, we use the effective action of [11] to quantize 1/2 BPS fluctuations about AdS 5 × S 5 . We then review the CWZ formalism in section 4 and demonstrate its use by applying it to the same system of 1/2 BPS fluctuations about AdS 5 × S 5 in section 5. In section 6, we initiate the program of quantizing fluctuations about backgrounds corresponding to general droplets. We then make some concluding remarks in section 7. Several calculational details have been deferred to the Appendices.
The LLM configurations 2.1 Supergravity solutions
In [3] , all regular 1/2 BPS solutions of Type IIB SUGRA with SO(4) × SO(4) × R symmetry were found. They have constant dilaton and axion and vanishing 3-form.
The explicit form of the solutions is 5 :
where i = 1, 2 , dΩ 2 3 and dΩ 2 3 are the metrics on two unit 3-spheres S 3 ,S 3 , while dΩ 3 and dΩ 3 are the corresponding volume forms. All the unknown functions in (2.1)-(2.4) depend only on y, x 1 , x 2 and are fixed in terms of one function Z(x 1 , x 2 ), which can only take the values ± 1 2 . Namely, we have 6 :
where * 3 is the flat space epsilon symbol in three dimensions y, x 1 , x 2 . The one-forms B,B are defined up to a gauge transformation, and can be found by solving the differential equations (2.10) forB,B. One particular solution (arising in the gaugeB y =B y = 0) is:
The function Z(x 1 , x 2 ) defines 'droplets' on the y = 0 plane. For a droplet of finite size, the spacetime asymptotically approaches AdS 5 × S 5 with the (common) radius R related to the area A of the droplet by [3] A = πR 4 .
(2.12)
On the other hand, the asymptotic radius is related to the number N of D3-branes making up the configuration by the standard relation (see e.g. [15] )
This shows that the total area of the droplet must be quantized 7 :
In the situation when several droplets are present, it was shown in [3] using quantization of F 5 -flux that the area of each droplet must be quantized in the same units:
In this paper we will only be considering one-droplet configurations.
Dual description in terms of fermions
As mentioned above, the LLM solutions corresponding to finite-size droplets are asymptotically AdS 5 × S 5 . One can then make use of the AdS/CFT correspondence and relate these gravity solutions to N = 4 super Yang-Mills on S 3 × R. As the geometries are all 1/2 BPS, the relevant operators on the Yang-Mills side are chiral primary operators with conformal weight equal to their U(1) R-charge: ∆ = J. It was argued [2, 16] that this sector of N = 4 super Yang-Mills is actually a U(N) one-matrix quantum mechanical system with a harmonic oscillator potential. There are two equivalent ways of looking at this model. One, the 'closed string' picture, is a description of the system in terms of N 2 free harmonic oscillators with the Hamiltonian
where (a † ) i j , a i j are N 2 creation and annihilation operators, obeying the commutators:
where k ≥ 1, and n 1 , n 2 , . . . n k is a set of non-increasing integers between 1 and N, are a basis for the singlet states of the system. Every such state can also be represented in terms of a U(N) Young tableaux.
Another way of looking at this model is through the 'open string' picture. In this picture the Hamiltonian is 19) and it describes N free fermions in the harmonic oscillator potential well [2, 17] . This can also be rewritten as a system of N fermions in a constant magnetic field confined to the Lowest Landau Level [2, 18] . A basis of N-particle wave functions is given by the Slater determinant of N single particle wave functions:
The ground state corresponds to the fermions filling up the lowest N levels. We can describe excited states by a set of N non-increasing integers n 1 , n 2 , . . . n N including zero. We move the fermion in level N to N + n 1 , the one in N − 1 to N − 1 + n 2 etc.
To this state we can associate a Young tableaux with rows of length n 1 , n 2 , . . . n N . The energy of this state is i n i . Any two states described by two different sequences of integers n i are orthogonal. This completes the description of the Hilbert space/spectrum of this system. It is easy to write the exact partition function:
(2.21)
Writing this partition function in the form
we can read off the degeneracy g(E i ) of the energy state E i .
Fermion quantization in the large N limit
We would like to setup a formalism to compare the quantization of the LLM solutions with the corresponding super Yang-Mills states. The correspondence is supposed to work in the large N limit. On the supergravity side we will compute the symplectic form using the CWZ method, promote Poisson brackets to commutators and get a Hilbert space description. On the SYM side we will base our treatment on the 'open string' description explained above. Thus we have a system of N fermions in the harmonic potential, for which we already have an exact Hilbert space description. How does one pass to the large N limit? In the large N limit the states of the manyfermion system are well described as droplets in the one-particle phase space. It is simpler to go first one step backwards, and discuss the classical dynamics of these droplets 8 . This discussion will lead us to the corresponding symplectic form, and thus we will be able to recover the large N Hilbert space quantizing this symplectic form. The final result, Eq. (2.31), is well known; in a more general setting it is derived in [20] . The harmonic potential one-fermion Hamiltonian is
(2.23)
We will describe the boundary of a droplet in polar coordinates:
where we assume that r(φ) is a single-valued function. The boundary of the droplet evolves according to the one-fermion equation of motion, which in this case is simply the clockwise rotation with unit angular velocity:
This implies that the boundary r(φ) evolves in time according to the simple equatioṅ
We would now like to find a symplectic form on the phase space of droplets, so that the Hamilton equationṙ = {r, H tot } (2.27) would coincide with (2.26) . Here H tot is the total energy of the droplet state, given by the integral of the one-particle Hamiltonian:
H tot = droplet dp dq 2π
(2.28) (This formula takes into account that one state occupies a phase space area of 2π in the semiclassical description.) Notice that this is the effective 2d Planck constant (which has nothing to do with the 10d Planck constant 10 . In fact we put 10 = 1, as usual). This constant can be determined from
where A is the area of the droplet and N is the total number of fermions (which is the same as the number of D3 branes in the gravity description). The total energy is easily computed in terms of r(φ):
where we defined f (φ) ≡ r 2 (φ). Let us define the following Poisson bracket (see [20] )
The Hamilton equation corresponding to this bracket iṡ
This equation is equivalent to (2.26) , and thus we conclude that (2.31) is the correct Poisson bracket. Although we derived this Poisson bracket for the particular one-fermion Hamiltonian (2.23), it is in fact completely general and will describe the motion of droplets of noninteracting fermions described by an arbitrary one-particle Hamiltonian H(p, q). The total energy in such a general case is
The evolution of the boundary of the droplet computed using the Poisson bracket
We have to compare this with the evolution of the boundary which is generated by the one-fermion Hamilton equationṡ
After a small time increment dt we have It should be noted that for a general Hamiltonian a region described at the initial moment of time t = 0 by a single-valued function r(φ) can evolve at a later moment of time into a region for which r(φ) is multiple-valued. Still near t = 0 we can describe dynamics in terms of the Poisson bracket (2.31). Now that we determined the Poisson bracket (2.31) generating classical dynamics, we can immediately write down the corresponding commutation relation multiplying by i . These commutation relations will have to be reproduced from the gravity side. Thus the result we should aim for is
where we expressed via κ 10 using (2.29), (2.14) . We finish this section by showing how to construct a Hilbert space realization of (2.39). We start by expanding f (φ) in Fourier series:
The zero mode is fixed in terms of the droplet area:
(2.41)
The n = 0 modes correspond to the area-preserving deformations. Substituting (2.40) in (2.39), we get commutation relation between the corresponding Fourier coefficients:
This is just a U(1) Kac-Moody algebra 10 . The Hilbert space of the theory can be constructed as a bosonic Fock space with annihilation and creation operators c n , c † n where c n = κ 2 10
Of course there is no contradiction with the fermionic statistics of the individual particles: the droplet exitations are collective modes and are free to satisfy any statistics. Finally, as a check of the validity of this semiclassical description we can compute the partition function of many fermions in a harmonic potential using the semiclassical method and compare with the result of the exact quantization. Using the bosonic Hilbert space constructed above by the operators c n , c † n we find:
(2.44)
Comparing with (2.21) we see that the semiclassical method reproduces the correct spectrum of the theory E i = 1, 2, 3, . . . and the exact degeneracies of these states provided that E < N. For higher energies the degeneracies predicted by the semiclassical quantization do not agree with those of the exact quantization. But since our calculations in gravity are valid only for large N, we will always be in the regime where the semiclassical approximation is reliable.
The AdS background I -Effective action approach
In this section, we consider small 1/2 BPS fluctuations about the AdS 5 × S 5 background and quantize them directly via an effective action obtained from Type IIB SUGRA. This is not too difficult to do as the spectrum of modes on AdS 5 × S 5 is well known [10] and, moreover, the effective action for the 1/2 BPS fluctuations has been worked out to the order in which we are interested by [11] . Thus, to compare with the fermion quantization of the previous section, we need only to relate the LLM parametrization of 1/2 BPS fluctuations in terms of deformations of a droplet to the modes of [10] , which differ by a diffeomorphism. We review the LLM description of AdS 5 × S 5 and 1/2 BPS fluctuations about this background and connect to the modes of [10] in the first subsection. We then utilize the effective action of [11] to perform the quantization. The result of this quantization, Eq. (3.26), perfectly agrees with what we expect from the fermion side, Eq. (2.42).
LLM modes about AdS 5 × S 5
In the language of LLM, the AdS 5 × S 5 background corresponds to a circular droplet in the (x 1 , x 2 ) plane with radius r 0 = R 2 AdS that we set to 1 by convention. Evaluating the various functions appearing in the metric for such a droplet and using polar coordinates r, φ on the (x 1 , x 2 ) plane, we find then the LLM metric (2.1) becomes that of AdS 5 × S 5 in global coordinates
and the five-form becomes
We now consider perturbations of this background corresponding to small ripples of the droplet. The boundary of the perturbed droplet in polar coordinates is given by r(φ) = 1 + δr(φ). We expand δr(φ) in Fourier series 11 :
a n e inφ , a * n = a −n .
(3.5)
Using (2.5), (2.6), it is easy to find the first order shifts in the functions z, V i due to the presence of these ripples:
Inserting these variations into (2.1), we obtain the metric perturbations which correspond to the excitation of ripples on the droplet in the fermi picture. To identify these perturbations with the modes of Kim et al. [10] , two additional operations are required. First of all, we have to move to global AdS coordinates via (3.2) . In this way we arrive at a certain metric perturbation h mn , which is still not in the Kim et al. form. To achieve total coincidence, we have to perform an additional linear gauge transformation
for the particular choice of ξ i with nonzero components
The resulting metric perturbations then take the form
2|n|s n Y n g αβ , (3.10) where µ, ν run over the AdS 5 directions, α, β run over the S 5 directions, g mn is the unperturbed AdS 5 × S 5 metric, the covariant derivatives are computed with respect to the metric g mn , and
Written in this form, the metric perturbations can be identified with a subclass of modes studied in [10] , [11] . Thus, the modes of [10] , [11] have the same functional dependence as (3.10) with functions s n , Y n satisfying the differential equations
so that, for instance, the Y n are S 5 spherical harmonics. Our s n and Y n correspond, not surprisingly, to the subclass of solutions of these equations that are constant on S 3 andS 3 . The perturbation of the 4-form potential could be in principle analyzed using the same method (expressing perturbations in LLM coordinates, passing to the global coordinates, and following up by a gauge transformation). However, this is unnecessary, because the end result of this computation can be uniquely reconstructed from the knowledge of metric perturbations (3.10). Namely, the 4-form potential perturbations can be written in the gauge ∇ α a αmnp = 0 as [10] 
where ǫ α ′ αβγδ (ǫ µ ′ µνρλ ) is the curved-space ǫ symbol on S 5 (AdS 5 ).
Effective action
The effective second-order action describing perturbations of AdS 5 × S 5 of the form (3.10), (3.13) has been derived in [11] and has the form
where the index I labels spherical harmonics. This effective action was only derived in [11] for modes with n ≥ 2, where n = n(I) is the parameter in the eigenvalue equations (3.12) . As a result, we leave the n = 1 mode out of consideration in this section. It will however be covered by the alternative treatment in Sec. 5. The action (3.14) was derived under the assumption that the spherical harmonics are real and satisfy an orthogonality relation
The action is obtained by expanding the Type IIB SUGRA action to the second order in perturbations and performing the S 5 integration 12 . The constants A I are given by:
In this subsection, we will apply this effective action to quantize the LLM family of 1/2 BPS fluctuations. A minor complication arises since angular momentum conservation prevents a direct restriction to the sector in question at the level of the action so we will have to include modes that rotate in the opposite direction. After quantization, though, it will be easy to make the appropriate truncation of the quantized Hilbert space.
We now proceed using the real modes s n,1 = n + 1 2n cosh n ρ x n (t) , Y n,1 = cos n θ cos(nφ) , s n,2 = (n + 1) 2n cosh n ρ y n (t) , Y n,2 = cos n θ sin(nφ) . These modes are chosen because they are related to (3.11):
for the particular choice of real functions x n (t) and y n (t)
x n (t) = a n e int + c.c., y n (t) = ia n e int + c.c.
Substituting (3.17) into the effective action (3.14) and performing the spatial integrations, we obtain the following effective action for x n (t), y n (t) :
(3.20)
The quantization of this system is now straightforward. We have the following equaltime canonical commutators:
Representing x n (t), y n (t) as
x n = c n e int + h.c., y n = d n e int + h.c., (3.22) we get the following nonzero commutation relations for c n , d n
As discussed before, the full Hilbert space of the system (3.20) contains both the 1/2-BPS fluctuations of interest as well as those carrying opposite angular momentum. We thus have to truncate this Hilbert space according to (3.19) . In order to do this consistently, we put c n = a n + b n , d n = i(a n − b n ) .
(3.24)
Then from (3.23) we get the following commutators for a n , b n :
Since all commutators between a n and b m vanish, the b n sector decouples and it is consistent to truncate the full Hilbert space keeping only the states in the a n sector.
In the classical theory this corresponds to setting b n = 0, which is consistent with (3.19) . The commutation relation for a n in (3.25), which can be rewritten as [a n , a m ] = − κ 2 10 16π 5 nδ n+m ,
is easily seen to be consistent with (2.42) using the fact that δ(r 2 ) = 2δr, and thus f n = 2a n . Finally, we note that the Hamiltonian density for the system (3.20), (3.19 ) is also easy to compute:
10 n≥2 a n a −n ,
and agrees with what one obtains from LLM (2.32).
The CWZ method of minisuperspace quantization
The quantization method described in the previous section does not seem to be applicable for the general droplet case. As motivated in the introduction, in this section we will review and apply to Type IIB SUGRA the covariant phase space approach of Crnkovič-Witten-Zuckerman. It is this method that will be used in the rest of the paper.
Generalities
Crnkovič and Witten [13] and Zuckerman [14] (see also [23] ) proposed an alternative approach to quantizing Lagrangian theories which is equivalent to the usual Hamiltonian formalism and is particularly suited for minisuperspace quantization. The starting point of the CWZ approach is that, in a general field theory, the canonical phase space is in one-to-one correspondence, and thus can be identified, with the space of solutions of the classical field equations. Thus we should be able to define the symplectic form needed for quantization directly on the space of solutions, without recourse to some specific canonical variables. In this approach, the symplectic form is computed as an integral of a specific symplectic current J l over an initial hypersurface Σ:
(4.1)
The simplest example is that of the free scalar field φ in Minkowski space, in which the symplectic current is given by
Here, using the notation of [13] , δφ is an element of the tangent space to the space of solutions. In particular, δφ satisfies the linearized equations of motion (which in this simplest linear situation coincide with the original ones). By evaluating δφ at a point x, we get a one-form on the phase space, δφ(x). Analogously ∂ l δφ(x) is also a one-form for each x. More forms can be constructed using the exterior product ∧ and the exterior differentiation δ. We see that ω defined by (4.1) is a two-form on the phase space. Moreover, it is closed because δ(δφ(x)) = 0. It is also invariant under variations of Σ, because the J l as defined by (4.2) is conserved: ∂ l J l = 0. Note that one needs the equations of motion to show this and hence it is true only when the symplectic form is evaluated on the phase space of solutions.
To complete the free scalar quantization, one should choose a particular parametrization of the solutions to the Klein-Gordon equation, e.g. by expanding solutions into plane waves, and compute the symplectic form (4.1) in terms of the coefficients of such an expansion. The Poisson brackets following from the computed symplectic form are then promoted to commutators using the Dirac prescription. The resulting quantization is completely equivalent to the usual Hamiltonian approach.
It turns out that the above method is not limited to free scalar fields, but can be adapted to a wide range of theories, including those with gauge symmetries, where the symplectic form has to satisfy an additional constraint of gauge invariance. In [13] , appropriate symplectic currents were written down for Abelian and non-Abelian gauge theories as well as for pure gravity; for recent applications of the method to other physical theories see [24] . For theories with several fields it becomes easier to compute the symplectic current using the following general method [14] , [25] . We will assume that the Lagrangian L = L(φ A , ∂ l φ A ) (where the index A numbers the fields) does not contain second-and higher-order derivatives, so that the classical equations of motion are
Under these conditions, the symplectic current is defined by 13
(From now on we, following [13] , will usually omit the wedge product sign, treating δφ's as anticommuting objects. Of course, wedge products can be reinstated at any moment, if desired.) It is obvious from the second representation that J l is closed: δJ l = 0. It is also conserved, due to the equations of motion:
The symplectic form is defined via the symplectic current by the same Eq. (4.1) as before. This form is closed because J l is closed, and it is Σ-independent because J l is conserved 14 . It is slightly more complicated to show that in theories with gauge symmetries the symplectic form so defined will be gauge invariant. For specific equations it was shown in [13] , and a general argument can be found in [14] , [25] . 13 Actually, what we define is a vector density and hence is appropriate to be integrated without the usual √ −g factor. 14 A subtlety arises if the theory in question is defined on a manifold with spatial infinity. Strictly speaking, the conservation of J l only implies that ω is invariant under variations which keep a part of Σ near infinity fixed. A related problem is that the symplectic current as defined by (4.4) can lead to a divergent symplectic form. In this case a boundary term should be added to (4.1) to compensate the divergence. It turns out, however, that in all cases analysed in this paper the symplectic form defined by the most natural expressions (4.1), (4.4) is manifestly finite. We take it as an indication that in our case no boundary terms are necessary, and that the symplectic form is invariant also under shifts of Σ at infinity. However, since our plane wave computation in Sec. 6 does not match the expected answer, it is possible that the situation is not so simple.
The sign and normalization of the definitions (4.1), (4.4) can be checked by applying these formulas to the one-particle classical mechanics, in which case they give, correctly
Symplectic current of Type IIB SUGRA
The LLM solutions satisfy equations of motion that can be derived from the following action:
We can proceed using this action if we impose the selfduality constraint F 5 = * F 5 on the solutions. The presence of this constraint does not modify the underlying symplectic form of the theory, which can be computed from the action (4.7) 15 .
Using the general formulas of the previous subsection, the symplectic form will be equal to
where J l G and J l F are symplectic currents constructed from the gravity and 5-form parts of the Langrangian using Eq. (4.4).
To find the gravity current, we need first to remove the second derivatives from the Einstein-Hilbert action, which is equivalent to adding the Gibbons-Hawking boundary term [26] . The resulting first-derivative action can be conveniently written in the so-called ΓΓ − ΓΓ form (see e.g. [27] ):
(The sign is correct provided that the signature is mostly +.) We take the inverse metric components g mn as our basic fields. Varying (4.9) with respect to ∂ l g mn , it is easy to compute:
(4.10)
Thus we get 11) which is the old result of Crnkovic-Witten [13] 16 17 . Notice that [13] defines the symplectic form as dΣ l √ −gJ l , so that our symplectic currents differ from [13] by a factor of √ −g.
To find the 5-form current, we take the potentials A |k 1 ...k 4 | (F 5 = dA) as our basic fields 18 . Applying (4.4), we get immediately
Now that we computed the symplectic current, we can simplify it using the selfduality constraint, which can be written as
where ε ... is the flat 10-dimensional epsilon symbol. Thus we have
The AdS background II -CWZ approach
We will now quantize small 1/2 BPS fluctuations about AdS 5 × S 5 using the CWZ method described in the previous section. Thus we have to compute the symplectic currents (4.11), (4.12) and integrate them to get the symplectic form (4.8). The most direct approach would be to use the LLM parametrization of the solutions in terms of the functions h, V i etc. This approach is pursued in the next section. In this section, we will use a hybrid approach. Namely, we will once again use the modes of Kim et al. [10] which were related to the LLM droplet deformations (3.5) in Sec. 3, Eqs. (3.10) and (3.13 ). However, we will not rely on the effective action to perform the quantization, as we did in Sec. 3. Instead, we will use the Kim et al. modes to evaluate the CWZ symplectic currents and the symplectic form, which we then quantize.
In order to utilize the t-independence of the LLM solutions, we will make the most natural choice of the hypersurface Σ = {t = const} in (4.8). Thus we only need to calculate J t to derive the symplectic form ω. The details of this calculation can be found in Appendix A. The contribution from the gravity and 5-form current 16 Actually, our result differs from that of [13] by an overall sign, which can be traced to a different convention for the metric signature. 17 It is stated in [25] that this result is also contained, in a disguised form, in [28] , but we were not able to locate it in that paper. 18 The notation |i 1 . . . i n | means that the indices have to be ordered: i 1 < . . . < i n . Thus we have
The same ordering is assumed, e.g., in the summation in Eq. (4.12). turn out to be, respectively
Notice that the coefficients a n of the Fourier series (3.5) are treated here as one-forms on the LLM phase space. Substituting these into (4.8), we obtain the symplectic form ω = 8π 5 i κ 2 10 n =0 1 n a n ∧ a −n . . It is easy to check, however, that in the combined integral J t G + J t F the divergence cancels, and the finite result of this integration agrees with Eq. (5.3) , which is thus true also for n = 1.
General droplets
In this section we will apply the CWZ method to write down the symplectic form for the family of LLM configurations around an arbitrary droplet. In this case, unlike for the AdS 5 ×S 5 case we analyzed in Sec. 5, we don't have at our disposal a natural basis of linear perturbations around this solution (analogous to the spherical harmonic basis of Kim et al. [10] around AdS 5 × S 5 ). In order to have general expressions, we will express the symplectic current in terms of the LLM ansatz functions h, V i etc. As a concrete example, we then apply these general expressions to the plane wave background.
Let us start from the gravitational piece of the symplectic current. Just like in Sec. 5, we will use Σ = {t = const} in (4.8). Thus we only need to calculate J t . Taking the general expression (4.11) and plugging in the expressions for the variations of the metric and Christoffel symbols, we find the following expression:
The last term integrates to zero because ∂ i V i = 0, and can be dropped. The first two terms add up nicely if one expresses h and G via z from (2.7), (2.8) . Remembering that (δz) 2 = 0, we get:
Similarly, using the expressions in (4.12) and the form of the F 5 ansatz (2.2)-(2.4), the F 5 current can be simplified as follows:
where ε abc is the flat space epsilon symbol in three dimensions y, x 1 , x 2 . Since we will be working in the B y =B y = 0 gauge, this expression can be simplified even further:
Since the derived symplectic currents do not depend on the S 3 ,S 3 variables, the symplectic form (4.8) can be simplified to
Eqs. (6.2), (6.4), (6.5) implicitly define the symplectic form on the whole LLM class of solutions. We would like to make an important remark here, namely that the above expressions in Eqs. (6.2), (6.4) are the symplectic currents derived for the IIB SUGRA action (4.7) in the 10-dimensional bulk, with second derivatives removed from the Einstein-Hilbert term. It is possible, as we noted in Sec. 4, that this action has to be supplemented by extra boundary terms, which would give an extra contribution to the symplectic currents. For a discussion of this issue, in a slightly different context, see [29] .
Explicit evaluation of the expression (6.5) in the general droplet case is not easy, and is postponed to the future. Below we demonstrate how to apply these expressions to evaluate the symplectic form around the plane wave.
The plane wave background corresponds to a droplet which covers the entire lower half-plane, i.e. Z(x 1 , x 2 ) = 1 2 sign x 2 . The various functions specifying the solution are given by:
Now we look at small perturbations around this configuration, where the boundary of the droplet is deformed from x 2 = 0 into x 2 = ε(x 1 ) 19 . Note that this deformation is area preserving if ∞ −∞ dx 1 ε(x 1 ) = 0. Making such a deformation takes us into a new solution with new functions z(x 1 , x 2 , y) , V i (x 1 , x 2 , y) . The corresponding variations can be found from (2.5), (2.6); to first order in ε(x 1 ) they are given by:
We see that these expressions have the form of convolutions in the x 1 variable. It thus makes sense to perform a Fourier transform w.r.t. x 1 (keeping the other two variables intact), which will turn these convolutions into products. Thus for a general function f (x 1 , x 2 , y) we will have:
The δh can be expressed via δz from (2.7). All these variations should be substituted into (6.2), and eventually into the integral (6.5). The dependence on p can be removed from the integrand by rescaling r|p| → r, with the remaining x 2 , y integral giving rise to a constant prefactor. A very similar computation is carried out for the 5-form part of the current. These computations are detailed in Appendix B. The final result is that the symplectic form is of the form: ω ∝ dp 2π i pε (p) ∧ε(−p). (6.8)
From this symplectic form we get the Poisson brackets {ε(p),ε(p ′ )} and, by the Dirac prescription, the commutators. Here too we find that the commutator of ε(x 1 ) and ε(x ′ 1 ) constitute a U(1) Kac-Moody algebra, and are thus of the same form as one expects based on the fermion analysis (2.39) (to see this, one has to apply (2.39) around a circular droplet of very large radius R. In this limit, we can identify the plane wave variable x 1 with the arc length measured along the boundary of the droplet, and ε(x 1 ) with the perturbation of the droplet radius). The commutators which we find (see Appendix B) seem to be a factor 1/2 of what one expects from (2.39). We believe that this numerical mismatch is due to extra boundary terms which should be added to (6.5), as we remarked before. This issue is currently under investigation, and we hope to report on it in a future publication.
Conclusions and discussion
In this paper we have considered the LLM family of solutions and set up a general framework for its quantization. In particular, using the CWZ method, we have performed the quantization in the case of the AdS 5 × S 5 background and demonstrated its consistency with a more direct effective action approach. This has permitted us to construct a quantum Hilbert space associated to the LLM solutions that precisely matches that of the corresponding fermion picture at large N. This result allows us to identify the spacetime x 1 , x 2 plane with the Fermi liquid phase space, in agreement with the original LLM proposal. Moreover, we have derived general expressions for the symplectic form that can, in principle, be applied to more complicated droplets.
The outlook for future developments is as follows. First of all, one should explore the issue of boundary terms to be added to the general symplectic form (6.5) derived in Sec. 6. As discussed in Sec. 6, this should also be used to complete our quantization around the plane wave background 20 . It will also be of interest to generalize our techniques so that they may be easily applied to droplets with more complicated shapes as well as nontrivial topologies 21 .
Another interesting course of work is the application of these methods to additional families of supergravity solutions that arise in various contexts. One example is the family of [30] with nonzero axion and dilaton, in which the solutions correspond to changing the fermions participating in the Quantum Hall Effect into fractional statistics particles. It would be interesting to reproduce this behavior from the gravity point of view. Another example is the family of 1/2 BPS M2 brane solutions of 11-dimensional SUGRA described by LLM (see also subsequent work [31] ).
Another important class of solutions to which one might apply these methods are the 1/4 BPS D1-D5 solutions with angular momentum constructed in [32] . As these are supersymmetric, we once again expect a quantization, at least to the order considered in our case, to have meaning even within the context of the full theory. The results would be very interesting [33] and could have implications in the context of D1-D5 black hole entropy as well as suggestions made by Mathur et al. regarding the relation of these solutions to the D1-D5 black hole [34] .
Finally, it would also be interesting to consider going beyond the semiclassical approximation in supergravity and working at finite N. Of course, as soon as N is taken away from infinity we have to deal with corrections from string theory. As a result, proceeding along this direction seems very difficult. It is possible, though, that the correspondence to fermions contains hints as to how one might proceed since the fermion picture essentially tells us what the correct quantization should look like. In fact, it seems to indicate that whatever 1/N corrections arise must somehow conspire to yield a free theory in the appropriate description. It would be fascinating to understand this in detail.
The only nonzero components of δ [g mn √ −g] are given by
2a n (|n| + 1)e in(φ+t) √ −ḡ C n sinh 2 ρ ,
is the square root of the determinant of the unperturbed AdS 5 × S 5 metric and
Using these, we find that the only nonzero δΓ t mn which contribute to the first term of J t G are:
a n e in(φ+t) (|n| + 1) |n| − 2 |n| + 2 cosh 2 ρ tanh ρ C n ,
ina n |n| e in(φ+t) (|n| + 1) (|n| − 4) tanh 2 ρ sin 2 α C n ,
ina n |n| e in(φ+t) (|n| + 1) (|n| − 4) tanh 2 ρ sin 2 α sin 2 β C n , while the only nonzero δΓ m mp that contribute to the second term of J t G are:
ina n e in(φ+t) (|n| + 1) C n , (A.5)
a n e in(φ+t) |n|(|n| + 1) tanh ρ C n .
It is now a trivial matter to compute J t G . We find it easier to present dφ J t G rather than J t G itself. From the first term, we get
Performing the remaining integrals, we find
For the second term contributing to J t G , we have
8πin C 2 n tanh 2 ρ cosh 2 ρ (1 + |n|) 2 √ −ḡ (a n ∧ a −n ) (A.9)
Performing the remaining integrals here, we find
4πi(2π 2 ) 2 |n| (|n| − 1)(|n| + 2)n (a n ∧ a −n ) (A.10)
Combining (A.8) and (A.10), we obtain precisely Eq. (5.1) of Sec. 5. We now turn to the 5-form current. From the expression (3.13) we can compute the perturbation of the 5-form itself 
B. Evaluation of the CWZ currents around the plane wave
In this appendix we detail the derivation of the symplectic form around the plane wave background, outlined in Sec. 6. Let us start from the gravitational part of the symplectic form. We need expressions for all variations entering (6.2) in terms of I 1,2 . Such expressions can be obtained using (2.7)-(2.8) and (6.7). We have:
We use the Fourier transforms of the integrals I 1 , I 2 given by:
Then the first term in (6.2) gives the following contribution to the integral in (6.5):
= dp 2π dx 2 dy 3 + (the angular integral is from 0 to π because of y > 0). Using that V 2 = 0 for the plane wave, the second term in (6.2) can be simplified as follows: The first two terms here cancel because of 2h −4 δV 1 + V 1 δh −4 = 0, as one can check using (6.6), (6.7), (B.1). The remaining term gives the following contribution to the integral in (6.5): dx 1 dx 2 dy 2ry 3 [∂ 1 I 2 + ∂ 2 (x 2 I 1 )] I 2 = dp 2π dx 2 dy 2ry 3 −ipĨ 2 (p) + ∂ 2 (x 2Ĩ1 (p)) Ĩ 2 (−p) = dp 2π dx 2 dy −y 3 2r 3 1 + r|p| + r 2 p 2 − where we have used the same method of computing the integral as in (B.3), (B.4).
Let us now proceed with the gauge field part of the symplectic current, (6.4). Expressions for the gauge fields were given in (2.11); we have to find their variations.
Using (6.7) it is easy to show that δ y 2 V 1 1 2 ± z = 2r 2 x 2 I 1 ∓ 2r 3 I 1 , (B.7) δ y 2 V 2 1 2 ± z = 2r 2 I 2 ∓ 2rx 2 I 2 .
(B.8)
We also have δ 1 π
x 2 x 2 + y 2 * Z = − The purpose of introducing this notation is that in J t F many cross-terms cancel: Because of these proportionalities, substituting these expressions in J t F results in a total cancellation (multiplication by i sign p will commute with the y derivatives, and the integrands corresponding to both terms in the right-hand side of (B.13) will vanish on the Fourier side).
Thus we conclude that the gauge part does not contribute to the symplectic form around the plane wave (this is unlikely to be true in the general case). The final answer is given by adding the gravitational part contributions (B.4), (B.6); we have ω = (2π 2 ) 2 2κ 2
10 Ω = 2π 4 κ 2 10 dp 2π We would like to compare the last equation with the finite droplet result (2.39). For this we have to apply (2.39) around a circular droplet of very large radius R. In this limit, we can identify the plane wave variable x 1 with the arc length measured along the boundary of the droplet:
(the sign is chosen to preserve orientation) and ε(x 1 ) with the perturbation in the droplet radius. Thus we have
, we see that (2.39) in the limit R → ∞ gives the result which is of precisely the same functional form as (B.17), but contains an extra factor 1/2 in the right-hand side. We suspect that the reason for this mismatch, as we mentioned in Sec. 6, is that there should be a boundary term added to the symplectic form, which would give an equal contribution as the bulk term we have just evaluated.
